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Abstract. We present a method to enhance the power of a given reachability analysis engine for hybrid systems. The method works by a new
form of composition of reachability analyses, each on a diﬀerent relaxation of the input hybrid system. We present preliminary experiments
that indicate its practical potential for checking safety and stability.

1

Introduction

A standard technique in programming languages is to improve the precision
of the analysis of a program by preceding it with an auxiliary analysis. The
auxiliary analysis is in general used to infer the validity of an invariant at a
speciﬁc program location. For example, an interval analysis is used to infer a
lower and an upper bound on the possible values of a program variable at a
given program location, which means that an assertion of the form l ≤ x ≤ u is
a valid invariant for the program location. It is hence safe to use this invariant
for reﬁning the abstract program used for a subsequent program analysis. A
simple way to reﬁne the abstract program is to insert an assume statement (e.g.,
assume(l<= x <= u)).
Unfortunately, it is not clear how one can directly transfer this technique from
programs to hybrid systems. In a hybrid system, where the value of a variable
changes not only through updates in transitions from one location to another
but evolves dynamically in one location, an invariant in the form of a state
assertion associated with a program location does not seem useful for improving
a subsequent analysis. For one thing, an invariant must account for a continuum
of states. For another, a state assertion does not seem suitable to describe the
interdependence between the possible values of continuous variables x and y
whose evolution is prescribed by diﬀerential equations.
In essence, the problem is to incorporate the result of the reachability analysis
of one abstraction into the reachability analysis of another abstraction of a given
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hybrid system. In this paper, we propose to base the solution of this problem
on the notion of dwell time. The concept of dwell time has already shown its
usefulness for the analysis of hybrid systems (see our discussion of related work
further below). It refers to the amount of time which the hybrid system can resp.
must spend (‘dwell’) in a location between an entry and an exit. The mutual
interdependence between the possible values of continuous variables x and y can
be approximated via bounds on the the dwell time, i.e., bounds on the possible
values of x propagate to bounds on the dwell time which again propagate to
bounds on the possible values of y. We propose to use an auxiliary ‘dwell time
variable’ d for interfacing a reachability analysis with an auxiliary analysis. We
encode the result of the auxiliary analysis by bounds on the possible values of d
in reachable states of an (in general coarse) abstraction of the hybrid system. We
use these bounds to improve the precision of the reachability analysis of another
(in some sense, complementary) abstraction as follows. We add the dwell time
variable d as a continuous variable (in addition to other continuous variables,
in case the abstraction is expressed by a hybrid system), and we reﬁne the
abstraction by constraints on d.
In summary, we present new methods both for inferring and for exploiting
dwell time bounds. As a consequence, we obtain an approach where one can
incorporate the result of a ﬁrst, auxiliary reachability analysis into a second
reachability analysis in order to reﬁne its abstraction and thus improve its precision. Our approach is generic in that it uses reachability analysis as a black-box
method. We present initial experiments that indicate its practical potential for
checking safety and stability.

2

Hybrid Systems, Relaxation, Refinement

A hybrid system is formally a tuple H = (Loc, V , Init , Rcont , Rdisc , Inv ) deﬁning
–
–
–
–

the ﬁnite set of locations Loc,
the set of continuous variables V = {v1 , . . . , vn },
the initial condition, given by the constraint Init() for each location ,
the continuous transition relation, given by the expression e = Rcont ()(v)
for each continuous variable v and each location ; the expression e (in the
variables v1 , . . . , vn ) is used in the diﬀerential equation v̇ = e that deﬁnes
the ﬂow of the continuous variable v in the location ,
– the discrete transition relation, given by a set Rdisc of transitions; a transition
is formally a tuple (, g, ξ,  ) deﬁning
• the source location  and the target location  ,
• the guard, given by a constraint g,
• the update, given by a (possibly empty) set ξ of assignments v := e of
expressions to continuous variables,
– the invariant, given by the constraint Inv () for each location .
An example of a hybrid system is given in Figure 1.
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Fig. 1. Example hybrid system, modeling a temperature controller with one internal
engine. The temperature of the plant is controlled through a thermostat which turns
the engine oﬀ and on, depending on the temperature of the room (modeled by the
continuous variable xr ) and the temperature of the engine (modeled by the continuous
variable xe ). We model the mode ‘oﬀ’ by the two locations 11 and 21 , and the mode
‘on’ by the location 2 .

A state of the hybrid system H is a tuple (, v1 , . . . , vn ) consisting of a location
 in Loc and values of the continuous variables in V .
The hybrid system can be represented by a labeled graph (as in Figure 1),
where the set of nodes is the set of locations Loc, and the set of edges is deﬁned
by the discrete transition relation, i.e.,
E = {(,  ) | ∃(, g, ξ,  ) ∈ Rdisc }.
We now give the formal deﬁnition of the semantics of a hybrid system, in the
form of the set of its runs. We write T for the set of all continuous time points
which are denoted by non-negative real values, i.e., T = IR+
0 . A run ρ assigns
to every time point t in T a location and a valuation of the variables v in V .
Formally, a run ρ is a tuple
ˆ v̂1 , . . . , v̂n )
ρ = (,
of functions ˆ : T → Loc (for the current location) and v̂ : T → IR (for the
current value of the variable v in V ), such that there exists an inﬁnite sequence
of switching time points,
(τi )i∈ω ∈ T ω
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which starts in 0 and is strictly increasing, i.e., τ0 = 0 and τi < τi+1 , such that
the following ﬁve conditions hold:
• “non-zenoness”
• “switching time”

∀t ∈ T ∃i : t ≤ τi

(1)

ˆ = (τ
ˆ i)
∀i ∀t ∈ [τi , τi+1 ) : (t)

(2)

• “continuous evolution”
∀v ∈ V ∀i ∀t ∈ [τi , τi+1 ) :

d
v̂(t) = e[v̂1 , . . . , v̂n ](t)
dt

(3)

ˆ i ),
where e = Rcont ()(v) with  = (τ
• “invariants”
∀i ∀t ∈ [τi , τi+1 ) : (v̂1 (t), . . . , v̂n (t)) |= Inv ()

(4)

ˆ i ),
where  = (τ
• “discrete transition ﬁring”
∀i ∃ (, g, ξ,  ) ∈ Rdisc :
ˆ (τi ) = 
ˆ (τi+1 ) = 
∃ σ : V → IR ∀v ∈ V :
σ(v) = lim v̂(u)
σ |= g

(5)

u→τi+1

v̂(τi+1 ) =



σ(e), if v := e ∈ ξ
σ(v), otherwise.

Condition (1) states that we do not allow Zeno behavior. The time sequence
(τi )i∈ω identiﬁes the time points where location switches may occur, which is
expressed in Condition (2). Only at those points discrete transitions may be
taken. Condition (3) expresses that the dynamics of the continuous variables
obeys their respective diﬀerential equations. Condition (4) requires that for each
location the valuation of continuous variables satisﬁes the local invariant while
staying in that location. Condition (5) expresses that whenever a discrete transition is taken, variables may be assigned new values, obtained by evaluating the
right-hand side of the respective assignment using the previous values of variables. If there is no such assignment, the variable maintains its previous value,
which is determined by taking the limit of the trajectory of the variable as t
converges to the switching time τi+1 .
Definition 1 (Relaxation, Refinement). A hybrid system H# is a relaxation of H, written H#  H, if it has more runs than H, i.e.,
Run(H# ) ⊇ Run(H).
The system H is called, in turn, a reﬁnement of H# .
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Fig. 2. The relaxation of the heating system from Figure 1 obtained by eliminating
the continuous variable xe

By deﬁnition, each (reachable) location  and edge (,  ) of H belongs also to
H# . There are several ways to construct a relaxation H# from H, for example,
by projection or by weakening of constraints; see, e.g. [8]. Figure 2 presents
the relaxation of the heating system from Figure 1 obtained by eliminating the
continuous variable xe .

3

Dwell Time Bounds

A family of dwell time bounds dtb = (dtb low , dtb high ) for a hybrid system H is
given by a constant
dtb low (,  ) = c(, )
for each transition from the location  to the location  , and a constant
dtb high () = c
for each location . (Here, we index a dwell time guard by a pair of locations,
and not by the transition. We assume wlog. that a transition is unique for its
pair of source and target locations.)
Definition 2 (Validity of dwell time bounds). The dwell time bound
dtb low (,  ) = c(, ) for the transition from the location  to the location  is
valid if in every run of H, the time spent between the entry of the location  and
its exit towards the location  is always greater than or equal to c(, ) .
The dwell time bound dtb high () = c for the location  is valid if in every run
of H, the time spent between the entry and the exit of the location  is always
smaller than or equal to c .
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Fig. 3. DTR(H, dtb), the dwell time reﬁnement of H for a given family of dwell time
bounds dtb valid for H, is obtained from H by a transformation that adds the highlighted items; among those, the dwell time constraints d ≤ c and d ≥ c(, )

A family of dwell time bounds dtb = (dtb low , dtb high ) for a given hybrid system
H is valid if each of its dwell time bounds are valid.
That is, the valid dwell time bound dtb low (,  ) for the transition from the location  to the location  is a lower bound for the time spent in the location , or,
equivalently, for the length of the interval [τi , τi+1 ] formed by two consecutive
switching time points for a discrete transition into  and a discrete transition
from  to  .
Also, the valid dwell time bound dtb high () is an upper bound for the time
spent in the location , or, equivalently, for the length of the interval [τi , τi+1 ]
formed by two consecutive switching time points for a discrete transition into 
respectively away from .

4

Dwell Time Refinement

Dwell Time Refinement for H (DTR(H, dtb)).
Given a family dtb =
(dtb low , dtb high ) of dwell time bounds valid for H, we construct a new hybrid
system DTR(H, dtb) informally as follows (see also Figure 3).
– We add a continuous variable d .
– In each location, we set the slope of d to 1 (i.e., d evolves like a clock).
– In each discrete transition, the variable d is reset to 0 (i.e., we add the
assignment d := 0 to update of the transition).
– We add d ≥ dtb low (,  ) as a conjunct to the guard of the transition from
the location  to the location  (we call this conjunct the dwell time guard ).
– We add d ≤ dtb high () as a conjunct to the invariant of the location  (we
call this conjunct the dwell time invariant ).
Formally, we deﬁne DTR(H, dtb) as the hybrid system
disc
DTR(H, dtb) = (Loc, Vd , Init d , Rcont
d , Rd , Inv d )

where
– the set of locations Loc is the same as in H,
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Fig. 4. DTR(H# , dtb), the dwell time reﬁnement of the relaxation H# in Figure 2 for
a given family of dwell time bounds dtb valid for H, where the dwell time bounds dtb
are the ones inferred automatically by the method given in Section 5

– the set of continuous variables Vd contains the new variable d and all variables of H,
Vd = {d } ∪ V
– the initial condition Init d ﬁxes the value of the new variable d to 0 in each
location,
Init d () ≡ Init () ∧ (d = 0)
– the continuous transition relation Rdcont assigns constant 1 to the derivative
of the new variable,
Rdcont ()(d ) = 1
Rdcont ()(v) = Rcont ()(v) for v ∈ V
– the discrete transition relation Rddisc adds the assignment d := 0 to the update
of each transition, and it adds the dwell time guard d ≥ dtb low (,  ) as a
conjunct to the guard of the transition from  to  ,
(, g ∧ d ≥ dtb low (,  ) , ξ ∪ {d := 0} ,  ) ∈ Rddisc

if (, g, ξ,  ) ∈ Rdisc

– the invariant Inv d adds the dwell time invariant d ≤ dtb high () as a conjunct
to the invariant of the location ,
Inv d () ≡ Inv () ∧ d ≤ dtb high ()
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The deﬁnition of the validity of dtb as a family of dwell time bounds for H is
equivalent to saying that DTR(H, dtb) has the same set of runs as H. Dwell time
reﬁnement becomes interesting when it is applied to a relaxation H# of H.
Theorem 1. If dtb is a valid family of dwell time bounds for H, and H# is a

relaxation of H, then DTR(H# , dtb) is also a relaxation of H.

5

Inferring Dwell Time Bounds

Given a relaxation H# of a hybrid system H, we deﬁne the operation DTI(H# ),
which infers
dtb = DTI(H# ),
a family of dwell time bounds which is valid for H. The operation DTI consists
of applying a syntactic transformation ST to the hybrid system H# and then
applying a reachability analysis to the resulting hybrid system ST (H# ), for every
location . The syntactic transformation ST is very simple. Given the location
, we add a dwell time variable d, which is a continuous varible. The dwell time
variable is reset to 0 by every transition entering the location . It evolves like
a clock variable (i.e., it has constant slope 1) in the location  and it does not
evolve in every other location (i.e., it has the constant slope 0). The syntactic
transformation of H# thus consists of adding updates d := 0 to every incoming
transition and adding the diﬀerential equation ḋ = 1 to the location  and the
diﬀerential equation ḋ = 0 to every other location.
Having computed a safe approximation of the set of reachable states of
ST (H# ), we are interested only in the set
Reachd ( )
of values of the continuous variable d of states at the neighbor locations  of .
– We deﬁne the constant c(, ) as the minimum of Reachd ( ).
– We deﬁne the constant c as the maximum of the union of sets Reachd ( )
for all neighbor locations  .
By repeating the above computation of the dwell time guards and invariants for
all locations  of the hybrid system H we obtain a valid family of dwell time
bounds dtb.
For concreteness, we illustrate the syntactic transformation for the particular relaxation that we use in our experiments (see Section 7). We consider the
relaxation Proj(H, ) of H by projecting H to one single location, say , and
its successor locations  . While abstracting away all predecessors of , we collect the entry guards and the invariants of the predecessors of . By applying
the syntactic transformation ST to this relaxation, we obtain the hybrid system Projd (H, ). Informally (see also Figure 5), Projd(H, ) = ST (Proj(H, ))
consists of only the location  and its neighbor locations  , which are the target
locations of transitions from , and an additional clock variable d .
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Fig. 5. Given the hybrid system H and the location , the ﬁgure presents the hybrid
system Projd (H, ) used for the inference of dwell time constraints by reachability
analysis. The new initial condition for the location  uses the disjunction of the guards
‘g of incoming transitions in conjunction with the invariants of their source locations ‘

Formally,
Projd(H, ) = (Loc  , V ∪ {d }, Init  , Rcont , Rdisc , Inv  )
with
– the set of locations Loc  that consists of  and all its successor locations  ,
– the set of continuous variables V ∪ {d }, where d is a new clock variable,
– the initial condition for the location  is augmented by the disjunction of the
guards ‘g of incoming transitions in conjunction with the invariants of their
source locations ‘ (pronounced “old-ell”), and the update,

‘g ∧ ‘ξ ∧ Inv (‘))
Init  () ≡ d = 0 ∧ (Init () ∨
(‘,‘g,‘ξ,)∈Rdisc

– the initial condition for each neighbor location  is the Boolean constant
false,
– the continuous transition relation Rcont is given by
Rcont ()(v) = Rcont ()(v) if v = d
Rcont ()(d ) = 1
Rcont ( ) = 0 for each neighbor location 
– the discrete transition relation Rdisc is the discrete transition relation Rdisc
restricted to transitions from ,
– the invariant of the location  is equal to Inv (),
– the invariant in each neighbor location  is the Boolean constant true.
Strictly speaking, Proj(H, ) is not a relaxation of H (in the sense ﬁxed in Section
2), since it has not the same set of locations and the same set of edges the set of
its runs cannot be a superset of the set of runs H. It is straightforward to extend
the deﬁnition of Proj(H, ) such that we obtain a relaxation in the strict sense.

6

Composing Reachability Analyses

We now deﬁne the method to sequentially compose reachability analyses. The
method incorporates the result of the reachability analysis of one relaxation H1#

76

S. Bogomolov, C. Mitrohin, and A. Podelski

into the reachability analysis of another relaxation H2# of a given hybrid system
H. We want to note that to get good experimental results it is crucial to choose
judicious relaxations H1# and H2# ; several methods to obtain relaxations are
mentioned in Section 2 and Section 5.
– The input to the method consists of two hybrid systems H1# and H2# . The
ﬁrst one, H1# , embodies the auxiliary (in general, rather coarse) relaxation of
H. The second one, H2# , embodies another (in some sense, complementary)
relaxation of H. (As a consequence of our deﬁnition of relaxation, the three
hybrid systems H, H1# and H2# all have the same set of locations.)
– We infer dtb H# = DTI(H1# ), a family of dwell time bounds valid for H, by
1
applying, repeatedly for each location , a reachability analysis to the hybrid
system that is obtained from H1# by the simple syntactic transformation
described in Section 5.
– We use the family of dwell time bounds dtb H# for the dwell time reﬁne1

ment of H2# ; we obtain the hybrid system DTR(H2# , dtb H# ) from H2# by the
1
syntactic transformation described in Section 4.
– The output of the method is the result of the reachability analysis applied
to the hybrid system DTR(H2# , dtb H# ).
1

The method is sound by Theorem 1, i.e., the output of the method is a safe
approximation of the set of reachable states of the original hybrid system H and
the following relation holds.
H  DTR(H2# , dtb H# )  H2#
1

Completeness is of theoretical interest only; trivially, for every relaxation
H1# of H there exists a relaxation H2# of H such that the hybrid system
DTR(H2# , dtb H# ) has the same runs as H. Generally, for a given relaxation H2#
1

of H, it is not possible to ﬁnd a relaxation H1# of H such that the inferred dwell
time bounds are precise enough, i.e., such that DTR(H2# , dtb H# ) has the same
1
runs as H.
A family of dwell time bounds incarnates a rather conservative approximation.
This is because, intuitively, a bound at a location  accounts for every visit of
the location by a run of the hybrid system; i.e., it ignores the history of the
run. As a tradeoﬀ, one can choose a rather coarse relaxation for H1# and obtain
(practically optimal) dwell time bounds rather eﬃciently (this is conﬁrmed by
our practical experiments, where the cost for the inference of the dwell time
bounds is negligible).

7
7.1

Case Studies
Case Study: Stability Verification

For a proof of concept, we have implemented the sequential composition of reachability analyses and automatic computation of dwell time bounds and used it to
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Table 1. Case study on three previously unsolved instances of the stability veriﬁcation
problem: a water tank system with a parametrized number of tanks (three and four)
and a temperature controller with a parametrized number of internal engines (two).
Execution times are in seconds on a Pentium 2.7 GHz, with Linux Debian 2.1.18.
The regions in the speciﬁcation of the stability criterion are varied for the purpose of
comparison of execution times; the stability condition becomes weaker with a larger
region; for the purpose of specifying correctness, the larger regions are less interesting.
In each case, H#
2 is a relaxation of H obtained by eliminating all variables that are
not used in the speciﬁcation of the region. H#
1 is the relaxation of H described in
Section 5. Both, plain reachability and sequential composition of reachability analyses
are realized with PHAVer [4], Version 0.38
system
three water tanks
three water tanks
three water tanks
three water tanks
three water tanks
three water tanks
four water tanks
four water tanks
four water tanks
four water tanks
four water tanks
four water tanks
two engines heater
two engines heater
two engines heater
two engines heater

H#
DTR(H#
2
2 , dtb H# )
1
result
time
result
time
x3 ≥ 5
stable
5.03
stable
4.74
x3 ≥ 6
stable 897.82
stable
17.73
x3 ≥ 7
stable 13518.26 stable
34.53
x3 ≥ 8
–
timeout stable
57.87
x3 ≥ 9
–
timeout stable
83.13
x3 ≥ 10
–
timeout stable 109.79
x4 ≥ 5
stable 18.66
stable
6.84
x4 ≥ 6
stable 5052.40 stable
38.38
x4 ≥ 7
–
timeout stable
81.28
x4 ≥ 8
–
timeout stable 160.30
x4 ≥ 9
–
timeout stable 248.09
x4 ≥ 10
–
timeout stable 343.15
19 ≤ xr ≤ 25
???
14.44
stable
16.11
20 ≤ xr ≤ 25
???
14.46
stable
17.01
19 ≤ xr ≤ 24
???
25.04
stable
35.97
20 ≤ xr ≤ 24
???
24.97
stable
37.39
region

conduct preliminary experiments with the abstraction-based veriﬁcation method
for region stability of hybrid systems [11,12,13]. This method seems an appealing
ﬁrst target because its preprocessing step doubles the number of continuous variables; i.e., variable elimination is the last resort for relatively small parameters
in our scalable benchmark systems. As a consequence, a number of previously
unsolved instances of the stability veriﬁcation problem for classical hybrid system benchmarks were available as test cases. Our method proved to be eﬀective
on these tests.
A hybrid system is stable with respect to a given region ϕ if for every run,
there exists a point of time such that from then on, the states on the run are
always in the region ϕ (it may go in and out arbitrarily often before this point of
time). The veriﬁcation method transforms the hybrid system into another one
where each continuous variable is duplicated. It is the hybrid system on that a
reachability analysis is performed, e.g., by PHAVer [4]. There is an additional
step on the output of the reachability analysis which does not matter here; the
obstacle to scalability lies in the reachability analysis on the system with the
doubled number of variables.
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For our case study, we took two classical scalable benchmarks, the water tank
system with a parametrized number of tanks and the temperature controller
with a parametrized number of internal engines. The instances for three and
four tanks and three internal engines were previously unsolved. Using sequential composition of reachability analyses with automatically inferred dwell time
bounds for the abstraction of these hybrid systems by variable elimination, the
veriﬁcation method could solve these instances. We refer to Table 1 for the execution times (in sec, on a Pentium 2,7 GHz, with Linux Debian 2.1.18).
In order to obtain more benchmarks for comparing executions, we have varied
the regions in the speciﬁcation of the stability property. For suﬃciently large
regions, the abstraction by variable elimination was not coarse; i.e., the property
could be checked. These regions are, however, not interesting as correctness
speciﬁcations. The stability property for the water tank system expresses that
the ﬁnal tank (represented by x3 resp. x4 ) must stabilize with a minimum ﬁll-up
quantity. The last region is tight; i.e., the stability property does not hot hold for
x3 ≥ 11 or x4 ≥ 11. For the two engines heater, the stability property expresses
that the room temperature (represented by xr ) must stabilize within a “comfort
zone”. The last region is tight; i.e., the system does not stabilize for xr ≥ 21 or
xr ≤ 23.
H1# is the relaxation of H described in Section 5. The choice of the variable
to be eliminated for the abstraction of H (yielding relaxation H2# ) is determined
by speciﬁcation of the correctness property; i.e., we eliminate all variables that
are not used for specifying the region (of ‘stable states’). For the interesting
regions, the abstraction H2# is too coarse; the veriﬁcation tool returns the answer
Table 2. Checking of a safety property: an automatic highway with arbiter example.
H#
1 is a relaxation of H obtained by ignoring the synchronization between the parallel
components of the hybrid system H. The relaxation H#
2 is obtained by ignoring the
values of the continuous variables of H. Execution times are in seconds on a Pentium
2.7 GHz, with Linux Debian 2.1.18. Both, plain reachability and sequential composition
of reachability analyses are realized with PHAVer [4], Version 0.38.
Number of cars

H

DTR(H#
2 , dtb H# )

8
9
10
11
12
13
14
15
16
17
18
19
20

2.06
2.93
4.76
32.05
58.87
171.64
829.56
5904.12
timeout
timeout
timeout
timeout
timeout

4.29
4.92
5.57
6.78
7.81
7.94
9.39
10.65
12.48
13.20
14.83
15.47
16.93

1
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“stability unknown”, while the veriﬁcation method applied to DTR(H2# , dtb H# )
1
terminates with the answer “system stable” (see also Table 1, where “???” stands
for “stability unknown”).
7.2

Case Study: Safety Verification

We take the model of a central arbiter for an automated highway from [8]. We
will check the safety property that no cars collide.
In this example the model is represented as a linear hybrid automaton. H1#
is obtained by ignoring the synchronization between the parallel components of
the hybrid system H. The relaxation H2# is obtained by ignoring the values of
the continuous variables of H. The detailed results are presented in Table 2. We
can see that using sequential composition of reachability analyses we can get the
results much faster then just using plain reachability analysis with PHAVer.

8

Related Work and Conclusion

Related Work. Dwell time is a natural concept that appears in diﬀerent
uses [2,5,7,9,10,14,16]. Jumping ahead and summarizing the detailed discussion
to follow, it seems that our work is the ﬁrst to investigate the possibility of inferring dwell time bounds via a (black-box) reachability analysis applied to an (in
general coarse) auxiliary abstraction, and using them for improving the precision
of the reachability analysis of another (in some sense, complementary) abstraction of the hybrid system by a reﬁnement (the reﬁnement being a transformation
of hybrid systems).
In [2], the dimension of the model is reduced by projecting out continuous variables and replacing diﬀerential equations by diﬀerential inclusions and, in case
the resulting abstraction is too coarse, adding (manually inferred) information
about staying time. The idea of using diﬀerential inclusions may be interesting
in our setting as well.
In [5], clock variables replace variables with non-linear dynamics, which is
possible only if the value of the replaced ‘non-linear’ variable can be inferred
from the value of the replacing clock variable.
In [9,16], the abstract discrete model based on rectangular cells is reﬁned
by adding (manually inferred) information about the time between the entry
and the exit of a rectangular cell. In [14], a hybrid system is transformed into
a timed system by replacing each continuous variable with a clock variable.
The motivation for such an approach is the possibility to use a model checker
for timed automata. It may be interesting to combine the idea of splitting a
location according to rectangular cells with our approach, in order to obtain
more expressive dwell time constraints.
In [8], a coarse relaxation abstraction (which can be done by eliminating continuous variables) is iteratively reﬁned (in a counterexample-guided fashion) by
adding back continuous variables. This reﬁnement is orthogonal to, and can
potentially be combined with dwell time reﬁnement.
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The notion of average dwell time in [7,10] refers to a run, in contrast with our
notion of dwell time which refers to an individual location. A check of the validity
of a given average dwell time (but not its automatic inference) is proposed in
[10]). It is not clear how one would relate the two notions. Average dwell time
is used to bound the frequency of discrete transitions, which is a condition in a
local proof rule for asymptotic stability.
Conclusion and Future Work. In this paper, we have presented new methods
both for inferring and for exploiting dwell time bounds. As a consequence, we
have obtained an approach where one can incorporate the result of a ﬁrst, auxiliary reachability analysis into a second reachability analysis in order to reﬁne
its abstraction and thus improve its precision. Our approach is generic in that
it uses reachability analysis as a black-box method. We have presented initial
experiments that indicate its practical potential for checking safety and stability.
The experiments used one particular tool, but in principle, the approach can be
piggy-packed on other reachability analysis tools (each with its own abstraction
method, and with diﬀerent scopes of applicability), and it will be interesting to
explore those options. Also, an interesting perspective is to investigate the Russian doll technique, i.e., the nesting of a sequence of reachability analyses for
deriving a sequence of successively stronger dwell time bounds.
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